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Teaching as learning is a simple concept yet one that is potentially
overused and little understood. Understanding teaching as learning
and how it manifests itself in teachers’ professional lives provides a
basis for characterizing the teaching of mathematics. Drawing from
our prior research and our ongoing work with teachers, we believe
that the teachers whose students learn the most mathematics are
those who engage in practical inquiry. We describe those teachers as
engaged in “generative growth” (Franke, Carpenter, Levi &
Fennema, in press; Franke, Fennema, Carpenter, Ansell & Behrend,
1998). Not only do teachers engaged in generative growth learn in
the context of their classrooms, but they also create communities of
learners for themselves that include their students and colleagues.’
Although we may believe that we can identify these teachers, we
have yet to articulate what it looks like for generative teachers to
learn in the context of their ongoing practice.

1 Clearly others in the field discuss teaching as learning and articulate its meaning.
Our understanding emerged as an amalgamation of their work, our experiences
and research and we do not attempt to separate those ideas here.
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Although we have been interested in teachers’ professional
communities in our work with Cognitively Guided Instruction
(CGI)?, we have to this point focused more on the cognitive aspects of
teacher learning. This chapter builds on the existing notions of
generativity but frames them such that teacher learning is seen as a
community activity. Our intent is to provide a way of thinking about
generativity that accounts for how teacher learning occurs within
sitess of practice that include classrooms and professional
communities. We draw from our previous work, our current
research and the perspectives of those in the field writing about
learning within communities of practice.

The chapter begins with a description of generativity as we
conceived of it in our earlier work. We lay out the characteristics of
generativity and provide examples of what these characteristics look
like for teachers in classrooms. We then outline the work that drives
our conception of sociocultural theory and teacher learning. This
work provides the basis for our reconceptualization of generative
growth. Examples from our current work with teachers illustrate our
elaboration of generativity.  Specifically, we describe how a
sociocultural perspective influences our conceptions of generativity
and of ways to create opportunities for generative growth.

DEVELOPING UNDERSTANDING: GENERATIVITY

Prior CGI work provides evidence that student learning in
mathematics is fostered as teachers themselves engage in ongoing
learning or what we call generative growth (Fennema et al., 1996;
Franke, Fennema & Carpenter, 1997). This CGI research drew both
on the development of student understanding in mathematics to
conceptualize ongoing teacher learning and other conceptions of
teacher learning including Carpenter’s ideas of teaching as problem
solving. Our current ideas of generativity extend Carpenter’s original
conceptions by focusing on aspects of growth; that is, how teachers
develop in their understanding of teaching and learning. Our goal is
to create a set of principled ideas that enable us to conceptualize
ongoing teacher learning (see Franke et al., in press, and Carpenter et
al’s chapter in this volume for a more complete description of the
development of our conception and use of generativity). In our

2 For an overview of Cognitively Guided Instruction, see Carpenter, Fernema &
Franke, 1996.
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earlier CGI work, we closely examined teachers’ knowledge, beliefs,
and practice. We created levels of development to characterize the
integration of teachers beliefs, knowledge, and practice; however, this
model did not provide the basis for understanding what enabled
teachers to not only sustain their practice after professional
development ended, but what enabled teachers to continue to learn
(see Franke et al., 1998).

In order to focus on characterizing teachers’ ongoing growth, we
focused on how teachers sustained their practices and how this
differed from generativity. We found that some teachers were able to
sustain their practices and that many of the same beliefs and
knowledge that supported their practices at the end of professional
development were still in existence years later. However, these
teachers had not continued to learn beyond the notions they
developed in professional development. Although we find it quite
impressive that the teachers could sustain their classroom practices,
we were interested in understanding what it would require for
teachers to add to and adapt their understandings about the teaching
and learning of mathematics after the professional development
ended.

In studying CGI, teachers both throughout the professional
development (over 4 years) and then 4 years later, we came to see
generativity as encompassing three main characteristics: (1) detailed
knowledge, (2) knowledge rich in structure and connections, and (3) a
view that knowledge is one’s own to adapt and create3 We illustrate
each of these characteristics in mathematics teaching by drawing on
examples from the study of teachers 4 years after their engagement
with the CGI project (Franke et. al., in press).

Detailed Knowledge

The teachers engaged in generative growth could articulate detailed
knowledge of their students’ mathematical thinking. They provided
step-by-step descriptions of the strategies a student used to solve a
given problem and routinely talked about where that strategy fit into
a particular developmental trajectory. When teachers at this level
were asked about their students, they detailed multiple students’

3 We recognize that this is potentially a limited list and one specifically tied to our
CGI work. Yet, it serves as an initial set of principled ideas by which we can
challenge ourselves and deepen our own understanding.
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thinking. To illustrate, Ms. Andrew, a first grade teacher, could
describe in detail the strategies different students used as they solved
a given problem. When reflecting on a lesson in which she posed the
problem, 124 + 137, she described the different ways children solved
the problem using their knowledge of hundreds, tens and ones.

Well, I saw a couple of different ways of adding on. Allison said, “Well, I
had two hundred and fifty and seven more was two hundred and fifty-
seven.” And then she counted up four more. Okay? Then I had another
child do that . . . it was two hundred and fifty and eleven more. “Well, I
know there’s another ten in eleven. So that was two hundred six.”

Teachers’ detailed knowledge about their students’ strategies was
also seen in how the teachers interacted with their students. Ms.
Andrew used her knowledge to consistently probe her students’
thinking. She wanted to know more than just the surface features of
whether the students got a correct answer, drew a picture, or did it in
their heads. In the following excerpt, note how Ms. Andrew
continually questions Kevin about how he was thinking about the
problem in order to acquire detailed knowledge of his particular
strategy. When she completes her questioning of Kevin, Ms. Andrew
knows in detail how he counted up and how he kept track of his
count.

Ms. Andrew: [speaking to the class] Remember to try these [word
problems] two ways. [Goes to Kevin] Can you tell me how you
did that? [pointing to student's work on a word problem with

the structure of 34 + 80 = 1 I'd like to have you tell me how
you did that, Kevin {pointing to the answer of 113 that is written
on his paper].

Kevin: 1did it with my fingers.
Ms. Andrew: How did you do that with your fingers?

Kevin: I counted like. I counted up the 30 or 80 and then I had, and
then I counted out . . . 34 more and [telling, not showing].

Ms. Andrew: And how did you do that?

4 All teachers’ and students’ names are pseudonyms. In the case of our current
work we have chosen to use teachers’ first names to most closely represent how
the teachers addressed each other and us.
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Kevin: I counted [holds up one finger for each count] 1,2, 3...11, 12
[alternating from hand to hand]} 21, 22 . . . 34, and then I counted
80 more. 1, 2, [starts counting fingers again] 3, 4. ..

Ms. Andrew: [Interrupts] How did you count 80 more?

Kevin: 12, 13, 14, [counts by ones holding up a finger for each number
and alternating hands] . . . 80. AndIcame up with 113.

Ms. Andrew: I don’t understand though how you got from 80 to 113
when you were counting by ones. Can you explain how you got
up there? I didn’t hear you get up to 113.

Kevin: I just counted to 80, and then I counted this many more
[pointing to the 34].

Ms. Andrew: Could you show me how you did that? You said you
counted 80. Did you actually count up to 80 or did you start
with 80.

Kevin: Ijust started with 80, and then I put that many more [pointing to
34] with 80 and came up with this [pointing to 113 answer].

Ms. Andrew: Okay, could you show me how you started with 80 and
did that many more? I'd like to see that.

Kevin: 80, 81 [starting counting on his thumb], 82, 83 [holding up a
finger for each number and alternating hands as he counts -- it is
not apparent that he is keeping track of 10s] . . . 113.

Ms. Andrew: And how many more was that, then? You've got 1, 2, 3
and it was 34 more. So, you're really close aren’t ya? If it’s
(pause) you counted 30. I saw you count 30 with your fingers,
but then you needed 34 and you counted 31, 32, 33 [pointing to
Kevin's fingers starting with thumb, Kevin counting along] 34.
So do you know what that would be? You were up to 113, What
would that be if you had one more?

Kevin: 114.
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Ms. Andrew: See, the first time I was really confused, but now I see
what you did.

Here Ms. Andrew supported Kevin in describing his thinking and
showed him, through her persistence, how important it is for him to
detail his thinking so she can understand. Knowing that he used his
fingers was not enough; Ms. Andrew wanted to know in detail how
he used his fingers. She wanted to know if he used a counting
strategy and if so what type of counting strategy he used so that she
could develop a sense of what Kevin understood about addition and
place value.

Structured Knowledge

We found that teachers engaged in generative growth viewed their
knowledge of children’s thinking as organized or structured. A
major tenet of CGI has been that teachers structure their knowledge
of children’s thinking in ways that allow them to understand the
principles supporting it. That is, the analysis of the mathematics of
children’s thinking involves more than lists of problems and
strategies; the analyses involve an integrated perspective based on
relationships between mathematical problems and strategies for
solution.

The teachers engaged in generative growth perceived the
relationships among the problem types and strategies as critical to
understanding what they would do with the knowledge. For
example, Ms. Sage commented about how she uses a framework
based on what she learned from CGL:

I need a framework. I definitely think there’s a framework with CGI
that's made a big difference for me. Strategies have been identified,
there’s definitely a hierarchy . . . I mean, a lot of curriculum materials
have problem solving. A lot of them do. But you don’t know what to do
with it. I mean, how do you decide why problems would be more
difficult than others for children to solve? You know, what makes this
problem difficult? And with CGI, that has been researched, and I think
accurately researched, and it enables me to know why certain kids are
struggling, what I can do to facilitate that. . .. I want to know where I'm
going and where I'm taking them. So I need that framework.

In all cases, the generative teachers talked about how they organized
their knowledge of children’s thinking to facilitate decision making.
One teacher talked about the CGI framework as having “slots” that
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helped her think about where her students were and what problems
to pose next. Another teacher talked about the CGI structure as
providing general guidance that she could then build on and “fill in
the details” for herself. In each of these cases, the teachers noted
relationships among the ideas about children’s thinking highlighted
in CGI and used these relationships as a way to organize their
thinking. They often started with the structure provided by CGI and
then adapted and added to it to create their own working model.

Knowledge as One’s Own

The teachers engaged in generative growth focused on structure and
detail in talking about their knowledge of children’s mathematical
thinking. Yet, they did not see their knowledge as static. They saw
knowledge of children’s mathematical thinking as their own to create
and adapt. The teachers were consistently curious about how their
children would solve problems; they regularly tested and revised
their knowledge. They thought about what the students did, and
they struggled to make sense of it. Every teacher engaged in
generative growth talked in detail about how much they learned with
each student interaction and how that knowledge informed other
interactions. As Ms. Baker commented, “And so every time you
interact with a child, you're gaining more knowledge of how to
interact with other children. Every time they show you, and tell you,
what they’re doing and thinking, you just learn more about what's
going on in their head.”

The generative teachers also reported that the substance of what
they knew about children’s thinking had changed. Ms. Sullivan not
only spoke in general terms about how her knowledge had changed,
she described specific changes in her fundamental understanding of
children’s thinking. She used her knowledge about individual
students to elaborate and extend the conceptual frames she used to
understand children’s thinking. As a consequence, she had much
more detailed and complex schemes for analyzing children’s thinking
than the ones that were discussed during the CGI professional
development program. The workshops and readings had focused on
distinctions between several primary classes of strategies that
children invented for adding multidigit numbers. Ms. Sullivan not
only identified more fine-grained distinctions among strategies; she
integrated them into a coherent framework that provided for her a
more complete picture of the development of children’s mathematical
thinking. She states,
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I'm definitely more aware of how [the children] start out at the beginning
of the year with modeling and how that modeling very much influences
the types of invented strategies that they’re going to use. . . . I'll see some
kids count all the tens, and then they’ll go to the ones, and then I'll see
other kids who do 46, 56, 66, 76, and then pick up the ones. So for me
there is a little bit of a distinction there that I want to clarify because it
helps me know what they’re probably going to do with it next. Do they
do all the tens and then go to the ones? Or do they do a mixture?
Because I really will see more kids use a tens and ones invented strategy
when they do that [count tens then ones when modeling] versus more of
an incremental strategy when they do the other one [count on by tens].

Summary

The follow-up study with CGI teachers 4 years after the end of the
professional development provided evidence that the link between
developing elaborated and interrelated understandings of children’s
thinking and making knowledge one’s own was critical to
understanding generative change in CGI teachers (Franke et al.,, in
press). Teachers who developed a framework for analyzing students’
mathematical thinking used that structure as they assimilated what
they heard from students. The framework helped teachers know
what to listen for and how to connect that to other knowledge they
had about students’ strategies. Teachers who viewed knowledge as
something they could add to and change, could use the framework as
a basis for beginning to understand how to create connections across
students’ thinking, mathematics and pedagogy in a way that allowed
the knowledge to provide a basis for continued learning

COMMUNITIES OF PRACTICE

Sociocultural Theories and Generativity

Drawing on the work of Lave, Wenger, Cobb, Wertsch, Rogoff, and
others, we have adapted our thinking about teacher learning and
generativity to highlight learning within a community of practice.
Lave and Wenger (1991) defined a community of practice as a set of
relations across people and activity, over time, and, in relation with
other communities of practice and learning as “changing
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participation in changing communities of practice” (Lave, 1996, p.
150). Shifts in participation do not merely mark a change in a
participant’s activity or behavior. Shifts in participation involve a
transformation of roles and the crafting of new identities, identities
that are linked to new knowledge and skill (Rogoff 1994, 1997). Lave
(1996) stated: “crafting identities is a social process, and becoming
more knowledgeably skilled is an aspect of participation in social
practice . . . who you are becoming shapes crucially and
fundamentally what you know (p. 157).”

Although Lave, Wenger, and Rogoff have provided a way to think
about teacher learning as shifting participation and the reforming of
identity, Wertsch (1991, 1998) offered a way to frame and capture
these shifts. Wertsch (1998) drew on the work of Vygotsky and
highlights learning as occurring through mediated action. The
mediation occurs between the individual and the sociocultural setting
where action is at the center of the analysis. Mediated action involves
a tension between an active agent and a cultural tool. The cultural
tools afford or constrain learning or change. Wertsch's
conceptualization highlights the critical nature of tools and artifacts
that serve to mediate the action within communities of practice.

The sociocultural perspective for us highlights the taken-as-shared
knowledge that teachers appropriate and the ways in which cultural
artifacts afford or constrain their participation. A number of
researchers within mathematics education have adapted this
sociocultural perspective as they characterize and study teachers,
students and classrooms. For example, Stein and Brown (1997) used
Lave and Wenger's (1991) work on legitimate peripheral
participation, and Tharp and Gallimore’s (1988) work on assisted
performance to describe teacher learning. Cobb (1999) brought a
particular mathematical focus to thinking about communities of
practice and shifts in participation. He analyzes shifts in classroom
mathematical practices that “focus on taken as shared ways of
reasoning, arguing, and symbolizing established while discussing
particular mathematical ideas” (p. 9). In his work, the mathematics
itself plays a central role in understanding the changing community.
Although research and work with teachers are being designed and
analyzed in ways that incorporate a sociocultural perspective, we still
know little about how this perspective can enable us to better
describe, document and understand mathematics teaching.

As we come to understand these perspectives in the context of our
current work, we have had to both reframe our work and rethink
professional development and teacher learning. We became
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interested in understanding the shifts in participation and the
development of teachers’ identities as they engaged in particular
communities of practice centered on mathematics and the ways in
which tools supported or constrained the practices and reasoning of
those participating (Saxe, 1991; Wertsch, 1991). In doing so, the
sociocultural lens has advanced our understanding of generativity.
The advances have been both substantive in characterizing
generativity and methodological in how we come to understand
generativity.

From this sociocultural perspective, we see that we cannot
separate learning from the context in which it occurs and that we
need to capture the evolutionary character of teacher learning rather
than the more static characteristics described previously.
Generativity then becomes more about ongoing shifts in practice
within a given community that form a participant’s identity as a
mathematics teacher. Taking a sociocultural perspective has
influenced our thinking about generativity in three significant ways.
We (1) reformulated how we think about our work with teachers, (2)
elaborated on what it means for teachers to know the details of
children’s mathematical thinking and why this is important for
generativity and (3) enriched the idea of teachers’ knowledge as seen
as their own by examining and characterizing the development of
identity.

OUR CURRENT <_<O_~_A WITH TEACHERS

We could not begin to understand generativity from a sociocultural
perspective without first rethinking our work with teachers. As we
began to formulate our new 2-year professional development project,
we took the sociocultural perspectives described earlier and
redesigned our interactions with teachers. Specifically, we designed
opportunities for the creation of a community of learners, we
developed a means for artifacts to structure interactions, and we
created ways to develop relationships with the participating teachers.

Communities of Learners
We wanted to create opportunities for teachers to come together to

create a community in which they could learn together about the
teaching and learning of mathematics.
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Our intent was to create space, for teachers to share, challenge,
and create ideas about the development of children’s mathematical
thinking. Our work groups were intended to be, as Lave (1996) and
Cochran-Smith and Lytle (1999) described, a place where teachers can
shape their identities and take on a “stance.”s Specifically, our goal
included supporting teacher workgroup communities in which
teachers came together to share and make sense of their students’
mathematical thinking. In some sense, it was an opportunity, as Lave
described, for teachers to make public their private acts of teaching.
We wanted to provide teachers the forum to develop relationships
and create a community of practice not separate from their
classrooms but one that could mirror the interactions and identities
developed there.

Identification of Artifacts

We wanted to create opportunities for teachers to engage in
conversation around particular artifacts. We saw the use of artifacts
as a way to focus the conversation, bring teachers’ rich experiences
and histories into the conversations, and create connections between
professional development and other aspects of teachers’ work. We
also needed to choose an artifact that allowed for deep discussions
about the mathematics and one that linked to teachers’ classroom
practice.

We chose to use student work from the teachers’ classes as the
focus for the workgroup meetings. We proposed a monthly
mathematical problem that all teachers would pose to their students.
Our intent was to choose a problem that allowed conversation to
develop around similar mathematical ideas and permitted a range of
entry points to accommodate  different mathematical
understandings.s The teachers’ task during the workgroup was to
share their students’ work, create a group list of elicited strategies,
and then rank the list according to sophistication of students’
mathematical understanding. All of the conversation revolved
around the particular mathematical problem that was solved—
whether it be about the students’ mathematical thinking, the
mathematics in the problem itself, the usefulness of particular

5 Cochran-Smith and Lytle (1999) defined stance as the “ways we stand, the ways
we see and the lenses we see through” (p. 49).

¢ As the sessions evolved, the teachers participated in decision making about the
tasks to pose to their students.
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strategies, the ways to move students’ mathematical thinking
forward, or the details of student strategies.

Developing Relationships

We saw the formation of relationships among the teachers and the
researchers, both within the workgroup and outside the workgroup
as critical to the development of communities of learners, to our
learning about generativity, and to the potential for this work to
become sustaining. We wanted the teachers to see us participating
with them in learning about the development of students’
mathematical thinking and its classroom use. We wanted the
teachers to see from the start that they were also experts in the group.

To this end, the workgroups always began and ended with
informal conversations. We visited teachers’ classrooms at least once
in between workgroup meetings. The visits were not structured
formal observations, but rather informal visits during which we
documented students’ thinking. We did not want the teachers to
view us as having answers but as having questions and being in a
position of continually learning about their children’s mathematical
thinking. We also wanted to become a part of the broader school
community. We spent time in the lunchroom and on the play yard,
we wandered through the school and talked with the administrators
and staff. We shared our histories and our personal lives. We
wanted the opportunity to learn about the different aspects of
teachers’ work and their lives.

DETAILING STUDENT THINKING

Although in the previous research (Franke et al., in press) we focused
on teachers’ detailed knowledge of student thinking, its organization,
and how teachers viewed it, we did not realize the extent to which
understanding the details of students’ mathematical thinking
supported teachers’ generative growth. Our current focus on
communities of practice allowed us to examine teachers’ detailed
knowledge of student thinking as they interacted with each other
inside and outside of their classrooms. We learned that in their
interactions with each other, teachers did not just describe a student’s
strategy. Instead, teachers detailed the thinking of a number of
students in relation to each other, they described the circumstances
within which student mathematical thinking occurred, and they used
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the details of student thinking to support their conversations about
the issues surrounding the teaching and learning of mathematics. We
provide a few examples of how generative teachers described their
students” work in the context of workgroup sessions.” In the session
described, the teachers are discussing the monthly problem they had
all posed to their students.

In the first example, Kathy talks about her second- and third-grade
students’ solutions to the word problem, “I have 67 baseball cards,
how many more do I have to collect to have 105 baseball cards?”
Kathy does not detail just one student’s thinking when describing her
students’ thinking for the group. She describes a number of students’
strategies in relation to one another. Along with detailing some of
her students’ thinking, she details the support she provides:

Kathy: We did that one [the problem] but with larger numbers. The
strategies varied . . . Some of them made the first set. The 67.

Megan: So the numbers were 67, how many more to?

Kathy: 105. Which is a really good number to pick . .. I have probably
had 4 or 5 kids who tried to do the subtraction. 105 minus 67.
And some of them really get that. And some of them really
don’t. So they tried another strategy. Luis ended up doing it but
counted by tens, 67, 77, 87, 97. And then he went 1,2, 3,4, 5,6, 7,
8, like that. So he got 38. And then Kim also did it that way. She
was another one who wrote it a different way. And I said, “Well
what did you do when you counted.” And she said, “67 to 77
was 10. And 10 more was 87.” She did it the same way.

Kathy goes on to talk about student thinking and in doing so
provides a sense that she adapts her problems and asks questions
based on the student thinking.

Kathy: I gave some kids the 17 and then the 8. [referring to another set of
numbers she used]. And then when they solved that, they could move
on to the 101 and 62. And it was interesting. I had one who with the
smaller numbers, she did counting. She went 9, 10, 11, 12,13, 14, 15,

7 We have detailed elsewhere how the teachers were characterized as generative. In
each case data was drawn from workgroup sessions, classrooms, informal

conversations and formal interviews throughout the first year of working together
(see Kazemi, 1999).
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16, 17. And then went back and counted how many were there. And
then when she got into the higher numbers, she counted up by 10.

Megan: Ohh, how did she do that?

Kathy: She went from 62. Wait. [Looks at student work] . . . I started
giving her really high numbers. She went to 520, 205. The first
one was 75. She has 215 and then 75. So she went 75 plus 10 plus
10 plus 10 is 105 plus 100 is 205 plus 10 is 215 . . . And then she
went back and added what she added on. How many tens she
added on and the 100. So she had 140.

Megan: So she knew this [the 75 plus 3 tens] was a 105. Then she added 105
plus 100. And she got 205 plus 10 is 215. And then she went back
and added these [pointing to what she had added on].

Kathy: And she continued to use that strategy. Then I gave her higher
numbers. She used 500s.

We use Kathy's description to illustrate that teachers who we
characterized as generative experimented with the problems we
provided. Their adaptations were frequently woven into their
detailed description of students’ strategies.

In the next example, Alma, like Kathy, went beyond detailing a
single strategy and elaborated how a student’s strategy emerged.
The problem was, “There are 231 children taking a computer class
after school. If 20 students can work in each classroom, how many
classrooms would we need?”

Alma: Most of them put out all of their tens. But I had one who did
like the 200 blocks first, and then he did three bars of ten, and
then he did his single unit. And then he circled, he connected
two of the ten bars. He drew a line between two of them. And
then I said, “Okay, what are you going to do next?” And he was
stuck. He was completely stuck. And I said, “Well, how many
students in a class?” And he said, “20.” Isaid, “Okay, what can
you do?” And Ijust stood there looking at him. And he said, he
didn’t know what to do. And I said, “Look at the 100s bars.
What could you do with those?” And then he went, “Ohhhh.”
And so he totally erased everything, and he started doing
everything in the 10 bars. So he broke down the 200 into 10 bars.
He told me there are 10 tens in a 100. So he started grouping
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those [every two tens]. And then he circled them when he was
done.

The teachers drew the connections they were making about the
student strategies not only to their pedagogy but they also drew
connections from the student thinking to the mathematical ideas.
Lupe’s description shows that mathematical ideas were central to the
observations and descriptions that teachers made while interacting
with their students’ work. Lupe was concerned that the students
were not thinking about multiplication and division as grouping.
During the workgroup, she reflects on the students’ solutions and
details their thinking in relation to this mathematical idea. Her
comments relate to two different problems, one involving dividing
231 by 20 (just described) and the other 31 by 4. (“There are 31
children in a class. If four children can sit at a table, how many tables
would we need?”)

Lupe: Like for example, one little girl. This was interesting. For the
easier one . . . she added 4 plus 4 plus 4 plus. And she grouped
them into little tables. But for the bigger number . . . she took
231 and she subtracted minus 20 minus 20 minus 20. And she
went, okay, the first 20 is one classroom and the second 20 is the
second classroom like that. But what I noticed is that everyone
who got [the problem], they figured out how to group It . . .
Another student grouped it by tens, but he clumped the two
tens together to make them 20s. So it was the bigger number; it
was 231 kids and you've got, you can only put 20 in a classroom.
So what he did was he went 10 plus 10 plus 10 plus 10 plus. He
grouped them into tens first and then he had 11 at the end. So it
was 231. But then he went back and grouped two tens, that was
one classroom. And he counted, that was one classroom. Two
more tens, that’s another classroom. But they were all able to
group. And I think that's why they were all able to solve it.

The ways in which Kathy, Alma and Lupe discussed students’
mathematical thinking made a relational way of thinking apparent;
the strategies were considered in relation to one another and in
relation to the mathematical ideas. The teachers contextualized the
students’ thinking and understanding within a given problem that
was posed in a particular way under particular conditions and
included particular ways of teacher support. The ways in which the
teachers interacted with regard to their students’ thinking pointed
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out how their detailed understanding of student thinking was
becoming more complex.

There were many discussions that moved from the details of
solving a particular problem to the issues that surrounded those
details. The teachers used the detailed discussions of students’
mathematical thinking to pursue discussions about broader issues
about the teaching and learning of mathematics. For instance,
throughout the workgroup meetings, the teachers challenged each
other’s long-standing ideas about the standard algorithm. The
teachers pushed each other, listened, but looked hard at the student
work for evidence to support their own [teacher’s] positions. These
conversations were often long and involved. Here we provide a
small portion of one exchange to provide an illustration of the
teachers’ participation and use of student thinking to support their
own [student’s] arguments. Notice how some of the teachers focused
the discussion on the public list of strategies the group generated
from their students’ solutions. (The teachers referred to these
strategies by number, the number related to the strategies’ position
on the list.)

Megan: What do you think is the most sophisticated strategy that you
saw?

Miguel: Probably using the algorithm.
Megan: The algorithm? Do you all agree about that?
Teachers:No.

Natalie: They don’t know what they’re doing [when they do the
algorithm].

Kathy: And you don't have to think about the problem when you're
doing it. Like you have to think about 40 as a unit in other
strategies.

Natalie: I think that like on number 7 [on the list of strategies the
teachers created during the meeting] for example, like Vincent,
he solved it by doing the algorithm, but he explained, “Mrs.
Mosby used [$7.05] to buy animal cookies. Each box cost 47
cents and she bought 15 boxes so I multiplied 15 and 47.” So
he was able to explain why he did it.
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Miguel: One thing why I said the algorithm is important for me is that
later on when you get—I don’t know if this is on the off
chance—but if you get into physics and chemistry, you start
memorizing constants and stuff.

Patrick: I think [strategy] #3 and #4 are a pretty clear differentiation in
place value, which is sort of the critical thing. So they [the
students using these strategies] are understanding - the person
who added up rows of 4 and knew it was 10s. And added up
rows of 7 and knew it was the units, that kind of blows me
away.

Natalie: They were able to keep track of it.

Patrick: Also the people who knew how to do the lines and circles.
[pointing out the direct modeling by tens strategy]. That shows
that they’ve really got the concept of groups.

Not all of the teachers in the conversation agreed about the most
sophisticated strategy nor did they all use specifics of student
thinking to marshal their evidence. However, the details of student
thinking allowed the teachers to engage in a discussion that was
mathematical, detailed in students’ strategy use and thorough in
examining the issues involved in using the standard algorithm.

Summary

The ways teachers elaborated and contextualized the details of the
students’ mathematical thinking enabled them to understand the
strategies, not simply identify them. The teachers could see how the
context influenced student strategies, how the strategies related to the
questions teachers ask, how the strategies change when particular
materials are provided, and more generally, how to reason through
and learn more about the details of student thinking and student
meanings. The elaboration of the student strategies also provided an
anchor to challenge existing notions about the teaching and learning
of mathematics in ways that supported collaboration and learning.
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IDENTITY

The sociocultural perspective has challenged our understanding of
teachers’ generativity with respect to issues of identity. In our
previous conception, we saw that the teachers engaged in mmbmamﬁ:\m
growth articulated that the knowledge they acquired about students
mathematical thinking was theirs to adapt and create. They saw
themselves capable of acquiring more knowledge about student
thinking and saw themselves as able to make sense of what they
heard from their students. Taking a sociocultural perspective allows
us to view teachers in terms of their developing identities as
mathematics teachers. As we examine all aspects of teachers” work in
our current project, we see that the generative ﬁmmnrmam are
developing identities as mathematics teachers that include attributes
of seeing knowledge as their own. .

The way Jazmin, a kindergarten teacher, participated in our
project provides an example of identity Qm<&ow5.m:ﬁ ina ﬁ.mmnrmu
engaged in generative growth. While we view Embﬂq as continually
developing, here we provide a snapshot of Jazmin's development
across several contexts. We emphasize that a critical component of
Jazmin's developing identity as a generative mathematics teacher is
her view of herself as always learning and changing. We mHm.o
highlight the context in which her identity developed and the ways in
which those interactions influenced or shaped her identity.

In the Workgroup Meetings

Jazmin came to the initial workgroup meeting because she was not
comfortable with her teaching of mathematics. She was not sure she
was “doing it right.” During the first workgroup meeting, Jazmin had
not posed the workgroup problem to her class, she did not speak, and
told us she did not feel as though she had anything to share.
However, by the March workgroup meeting, Jazmin not only posed
the workgroup problem but also posed three variations of the
workgroup problem. She brought work from each of her students,
and she shared a variety of strategies. In addition, she asked
questions of the other teachers about the strategies they had mﬂmamm.
continuously trying to make sense of the conversation. In particular,
she wanted to make sense of the strategies and the mathematics in
relation to her kindergartners. As the workgroups wnomwmmmma\
Jazmin gained confidence in her developing understanding of
students’ thinking and her teaching and this confidence influenced
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her participation in the group. Although she was always a presence
in the group, by the end of the year, Jazmin often described what she
felt were the amazing mathematical ideas her students had
developed and how surprised she was at herself and her ability to
support her students’ learning. She challenged her colleagues by
asking them questions about their students’ mathematical thinking
and how to foster its development. Jazmin had always seen herself
as a good literacy teacher, but now she saw herself as someone who
could provide mathematical opportunities for her students that she
thought led to increased learning.

In Her Interactions With Her Students

As Jazmin began to experiment with the workgroup problems, she
also began purposely listening to her student explanations and
asking questions to push their understanding, Through her listening
and asking questions, Jazmin recognized that her students could be
learning about tens. She tried a number of different tasks but was
dissatisfied with how these tasks supported the development of the
students’ understanding of ten. She told us that she needed to
engage the students in some tasks that would provide her more
information about what the students understood about ten. Late in
the year, one of her lessons began when Jazmin sat at a table with a
group of six children and Tomas said, “I have 500 cents in my
pocket.” Jazmin replied, “Wow, that is a lot of money. Are you sure
you want all of that in your pocket? Let's see what you have.”
Tomas pulled out three handfuls of nickels and then three dimes.
Jazmin asked the other students if they could count the money. They
started with the nickels and the group counted by fives. Jazmin
provided counting support from 50 to 75. She then asked what they
could do with the dimes. One girl said, “ It would be 75, 85 then 95.”
Another child continued the sequence by saying, “And then 100.”
But another boy said, “No it would be 105.” Tomas then said, “Oh
yeah... it was 105 cents.”

Jazmin continued the lesson by dumping over 500 colored teddy
bear counters on the table and asking the children if they could figure
out the total number of teddy bear counters. The children excitedly

responded “yes.” She asked the students how they were going to
count them. The children responded that they would count them by
fives or tens. She asked each child to show her a group of 5 or 10. All
but one child decided to work with tens. She checked over their

groups and asked if they could make more groups. As the children
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created more groups, Jazmin asked them how many counters they
had and how many groups they had. For example, one child,
Maricela, had made six groups of ten. She color-coded them by
having each ten a different color; one group of ten was all blue bears,
another red, and so on. Jazmin looked at her counters and asked her
how many teddy bears she had so far. Maricela immediately began
to count her bear counters by ones. She reported she had 63. Jazmin
then asked, “How many groups of ten do you have?” Maricela
counted, “1, 2, 3, 4, 5, 6” pointing once to each group. Jazmin moved
away and two minutes later returned to Maricela and asked, “Now
how many bear counters do you have?” Maricela counted, “10, 20,
30, 40, 50, 60, 61, 62, 63, 64, 65, 66, 67.” “Okay and how many tens.”
Maricela replied without counting, “Six.” As the students counted
and recounted their groups, they found more and more sophisticated
ways to count and keep track throughout the lesson.

Jazmin’s learning began as she pursued Tomas’ thinking and
asked him about the money in his pocket. Her involvement in the
group’s counting of Tomas’ nickels and dimes provided support for
Jazmin’s intended lesson. Following the lesson, Jazmin expressed
how excited she was at how much she had learned about the
children’s ways of thinking about tens. Her excitement was not
related to how well the lesson had gone but rather was focused on all
that she had learned about her students’” understanding of tens. She
wanted to talk about how she could change the questions she asked
to gain even more insight. Jazmin allowed her curiosity about her
students’ mathematical thinking and her mathematical goals
(relationships between tens and ones) to guide her interactions.

In Her Informal Interactions

Often the development of Jazmin's identity was best captured in the
stories that she would tell us in our informal interactions. Jazmin
always had a story to share. Typically, she told stories about her
students and their recent mathematical accomplishments, often
something she viewed as amazing. One day as she sat with us at
lunch, she said, “Guess what happened today. Gabriel was solving a
multiplication problem (2 x 3), it was about a girl who had three dolls
each 2 inches tall. He solved the problem by counting 1, 2, 3—4, 5, 6.
He reversed it. Isn’t it amazing what they can do.” Her stories
always told us something about how she was thinking about the
mathematics, the students’ thinking, and herself as a mathematics
teacher.
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On another occasion, Jazmin stopped us in the teachers’ lounge.
She was off track (not teaching), but she had been substitute teaching
at other schools in the district. She had stories to share.

I was substituting at [names another school] and I called my dad to check
in with him at lunch time. He hasn’t been feeling well. [We talked about
her dad for a few minutes.] I told him that I just wanted to come home I
was so bored. All they [the students in the class she was substituting in]
were doing was drill, drill, drill and the kids were working with such
low numbers, and they couldn’t talk about what they were doing. .. .1
realize now that I could not work anywhere else but here. Subbing at
these other schools, I see that they are not doing what we are doing, and I
couldn’t do that.

What was most telling about Jazmin’s informal interactions with
us was how these interactions mirrored her shifting identity and the
changes in her participation with us. In our initial encounters, Jazmin
was seeking help. She was looking for direction. However, after a
year, Jazmin sought us out because she saw us as sharing her passion;
rarely did she look for specific advice and often she had already
conceptualized a number of ways to work through her ideas before
even speaking with us.

For example, after a year of working together, we stopped in to
see Jazmin in her classroom. She immediately launched into a
description of her students’ success on the fair sharing problem she
posed for the upcoming workgroup meeting. She then went on to
describe how a few children had gotten stuck that morning on a
partitive division problem of 43 divided by four. She detailed her
problem posing, the materials available and the children’s initial
attempts at a solution. She felt that the students did not understand
what the problem was asking. She mentioned how she and Monica,
her team teacher, had already discussed their concerns following the
lesson that morning. She outlined how they adapted their lesson for
the afternoon group. They planned to focus the students by having
them listen to the entire problem a couple of times, discuss it together
and then have the children retell the story before beginning their
solutions. Jazmin moved on to a new topic after her description, as if

they had settled it for now but had wanted to let us know what was
going on. The teachers then shifted to discussing how they noticed
their students were not as familiar (as they were last year) with
writing number sentences for the problems they were solving.
Jazmin was not unhappy. Jazmin commented that she had been
focusing so much more on the students’ solutions and their
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articulation of their solutions that they had not been writing number
sentences. Monica then pointed out that they were now going to
build that into their current problems. The two teachers went on to
tell a couple more stories about particular children and what they
were doing in mathematics. This conversation lasted about 15
minutes.

Jazmin did not see that she needed us to solve her teaching
dilemmas. She never explicitly stated this; rather she elaborated her
concerns and detailed her options without ever looking to us for a
response. She had taken over the responsibility of constructing with
her teaching partner the reasons why students’ mathematical
thinking was progressing in the way it was and then creating ways to
move that thinking forward. We were there as her “someone else” to
talk with about their decisions.

Summary

Coming to know Jazmin across multiple settings provided us with a
rich picture of her development as a mathematics teacher. Wenger
(1998) described learning and identity in practice. He states,

Because learning transforms who we are and what we can do, it is an
experience of identity. It is not just an accumulation of skills and
information, but a process of becoming. . .. Viewed as an experience of
identity, learning entails both a process and a place. It entails a process
of transforming knowledge as well as a context in which to define an
identity of participation. As a consequence, to support learning is not
only to support the process of acquiring knowledge, but also to offer a
place where new ways of knowing can be realized in the form of such an
identity. . . . The transformative practice of a learning community offers
an ideal context for developing new understandings because the
community sustains change as part of an identity of participation (p.
215).

Both the changes in the workgroup participation and the changes
in Jazmin’s participation with her students, her colleagues, and us,
provide examples of how identity becomes developed within the
community and how that community serves to sustain that change.
Jazmin went from a teacher who would not speak in the first
workgroup and thought the problem was too difficult to pose to her
students, to a teacher who was willing to try almost any problem
with her students. Jazmin became a teacher who liked to experiment
in her classroom, who liked to try problems out and see what her
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students would do, who enjoyed asking questions and then
“tweaking” the problems. Jazmin became a learner in her classroom.

‘She was a learner in her informal interactions with us and in the

workgroup meetings. Her work with her team teacher, her
comments about her participation in the workgroup, and her
interactions with us highlight how Jazmin's interactions provided
support for her continued learning. She was learning about herself,
her students, her colleagues and mathematics. Jazmin saw herself as
generative. She saw herself as needing to be in a place where her
generativity was valued.

COMMUNITIES OF PRACTICE AND GENERATIVE
CHANGE

Generative growth is more than what goes on in a teachers’ mind or a
reflection of what happens when teachers interact with their students.
Generative growth occurs as teachers participate in communities of
practice. Teachers engaged in generative growth develop identities
within the communities of practice that highlight their learning. The
teachers see themselves as learning the mathematics, learning about
their students’ mathematical thinking and learning how to learn in
the context of their ongoing work. Generative growth is not about a
set of characteristics the teacher possesses; it is about how the
knowledge and skills the teacher develops in relation to the
development of students’ mathematical thinking supports the
development of the teacher’s identity as a mathematics teacher.
Generative teachers all possess substantial knowledge about the
development of students’ mathematical thinking and, as we saw in
our current work, the knowledge is detailed in a way that includes
the context in which the strategy occurs, the mathematical ideas
involved, and the teachers’ beliefs and values about the teaching and
learning of mathematics. This learning provided the support for
teachers’ developing identities.

We have seen that seeing one’s knowledge as one’s own goes
beyond how the teachers see the knowledge of children’s
mathematics and more toward their identity as teachers and learners.
We noticed in our previous work that the teachers engaged in
generative growth saw their classrooms as places for experimentation
and their learning. We see in this work that the way in which the
teachers see themselves and their negotiation of that identity becomes
critical to their generativity.
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Taking a sociocultural approach to understanding generativity
changed the ways in which we interacted with the teachers and
enriched our understanding of the characteristics of generative
growth. Redesigning our work with teachers so that we focused on
the communities of practice, the artifacts that supported their
learning within the communities, and our developing relationships
with the teachers enriched opportunities for the development of
generative growth. We feel we have only begun to understand the
ways a sociocultural perspective can shape our understanding of
generative growth. Our use of this perspective has not only
challenged how we describe our work and the ways we characterize
generativity, but it has also challenged the way we think about our
own learning and the approaches we take to that learning. Our
current work suggests that rethinking how to use and understand the
stories teachers tell, what constitutes teachers’ practice, and the
artifacts and tools that support teacher learning will move our
understanding of and support of teachers’ generative growth
forward.

TEACHERS’ STORIES

In our CGI work, we regularly noticed how teachers engaged in
generative growth told stories about themselves and their students.
Their stories documented their own learning, how they used
mathematics in their interactions with their families and friends, and
how they learned from their students. The teachers would tell us
how they used particular strategies they learned from their students
to balance their checkbooks, how they posed problems to their
spouses to learn about their thinking, how they noticed a child use a
strategy they had never seen before, and so on. The stories most
typically served as supporting evidence and have not been seen as
central to understanding teacher learning. In reading Lave’s work
and in hearing these same teacher stories repeated, we have come to
find ways to understand how these stories contribute to our
understanding of teacher learning. The teachers’ stories can serve as
a way of capturing their developing identities. The teachers
communicate through their stories how they think about teaching
mathematics, how they have made sense of the development of
children’s mathematical thinking, how they think about supporting
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student learning, and what they know about mathematics. Their
stories provide a context for hearing how the teachers make the
knowledge of children’s thinking their own. The mathematics plays
a central role in the stories the teachers tell. The mathematics their
students are engaged in serves as a site for teachers’ own learning,
much as Cobb (1999) described. The teachers’ stories communicate
how they have created a way of being, an identity, as Lave describes,
or a stance as Cochran-Smith and Lytle describe. The teachers’ stories
allow us to understand teachers’ views of themselves as learners
engaged in generative growth.

We are beginning to understand how teachers’ identities
developed. We are exploring the interrelationships that exist in
teachers’ identities in different communities of practice, the
relationship between individual identities and the identities of the
community of practice, and teachers’ relationships with us within a
community of practice. We have a great deal to learn in each of these
areas. However, our current work provides support for continuing to
investigate teacher learning and generativity through investigating
shifts in practice. Not only are our ideas about generativity enriched,
but we also are coming to a better understanding of teacher work and
learning how to engage in this work with teachers.

TEACHERS’ PRACTICE

As we reevaluated our work with teachers, we also came to expand
our notion of teachers’ practice. Traditionally, teachers’ practice
involves teachers’ engagement with students in classrooms.
However, focusing only on those interactions as teachers’ practice
limits our understanding of generative growth and constrains what
we see as teachers’ knowledge, skills, and identities. In our work, we
now consider teachers’ classrooms, the work in professional
development meetings, and teachers’ informal interactions with
colleagues and staff as sites for their learning and practice.

Our previous professional development work has always been
central to our understanding of teacher learning; however, the
professional development was seen as a way to engage teachers with

important ideas about the development of children’s mathematical
thinking.  Although this is valid and important, it limited our
developing understanding of teachers’ learning. The professional
development the teachers engage in is a part of their practice. Just
like their classroom, in which we looked to see how teachers are
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learning and thinking, the professional development sessions serve as
a site in which teachers and professional developers engage in
learning together as a community. The professional development
sessions are not separate from teachers’ ongoing work but rather an
integral part of it. Understanding this community of practice
provides an opportunity to better understand teachers’ learning and
legitimizes the learning occurring within the professional
development.

The informal interactions we observed and participated in also
provided us insight into the teachers’ forming identities about the
teaching of mathematics, their knowledge and skill related to
teaching mathematics, and the types of relationships they were
developing with their colleagues. Often these interactions are seen as
peripheral in understanding teachers and teaching. We have found
them to be a significant aspect of teachers’ work and a necessary part
of our coming to understand generativity.

SUPPORTING ARTIFACTS

In considering teacher learning in the different communities of
practice and the formation of teachers’ identities, we have created
conjectures about the ways artifacts and tools played a role in the
stances teachers developed. We are examining the ways in which
artifacts that exist in both the professional development setting and
the classroom setting can provide support for teachers to reconstruct
their identities and their classroom practices. Wenger (1998) pointed
out that we can think of a tool or artifact as providing a focus for the
negotiation of meaning. He also argues that this focus enables the
community to organize the negotiation of meaning and create
understanding.? Wenger’s ideas provide a cohesive way of thinking
about how the artifacts that we worked with focused teachers as they
negotiated of meaning and supported the development of their
understanding. The selection of common mathematics problems for
students discussed in workgroups provided the tools for focusing the
teachers’ creation and negotiation of meaning. Because the artifacts
themselves centered on the mathematics and the children’s thinking,
these ideas became the focus for the meaning developed, and other
issues of pedagogy were woven into these understandings. Some of

8 Wenger (1998) terms this process reification.
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the -artifacts, like the problem posed, existed within both the
workgroup setting and the teachers’ classroom settings. Thus,
although the communities of practice included different participants
and different histories, the artifact focused conversation in both
settings. The artifacts supported the development of language and
interaction that could be used to support the development of new
relationships. As we continue to learn how the artifacts within the
various communities of practice focused negotiation, we can use
Wenger’s ideas to provide a frame for analyzing the features of the
artifacts that evolve and how those features support the development
of teacher learning and identity.

CONCLUSION

Teaching mathematics is not just the pedagogical practice that
teachers perform. Teaching mathematics involves communities of
practice, communities that create and recreate goals and norms,
communities that develop around a set of artifacts and structures of
practice, communities where identities are co-constructed.
Communities of practice exist inside and outside of classrooms and
schools and take on different forms. Understanding teacher learning
and generativity involves coming to understand all dimensions of
teachers” mathematical practice.
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